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With the mere use of the sum rules, the effect of interaction on the energy and one-particle momentum 
distribution of a system of Fermi particles, interacting with the repulsive BCS-type pair interaction, is 
investigated with the assumption that the coupling constant is of order one, together with the case when the 
coupling constant is of the order 1/Q (12 being the volume of the quantization box) which was treated earlier 
by Van Hove in connection with the question of sharpness of Fermi surface. I t is observed that in some 
region of density, this type of interaction has no effect on the energy and sharpness of the Fermi sphere, 
and above critical density the system will go over a phase change, but still the Fermi sphere remains rigid. 

INTRODUCTION 

IN the general approach to a solution of the many-body 
problem, one usually starts with the unperturbed 

energy and a step-function unperturbed single-particle 
momentum distribution, and then finds out the effect 
of switching on the interaction by a systematic applica­
tion of the perturbation theory. However, we know 
some examples where the perturbation theory is di­
vergent and is incapable of providing a solution to the 
problem, as in the case of Bardeen-Cooper-Schrieffer 
theory. In order to explore the behavior of the exact 
ground-state energy and the true single-particle mo­
mentum distribution, one often chooses a model which 
provides exact solution of the problem. It looks tenta­
tively that, if the interaction is strong, the single-
particle momentum distribution will be smeared out 
irrespective of the sign of the potential. In the following 
we have treated a model, which, though not important 
from a physical point of view, still has its value in the 
study of true single-particle momentum distribution of 
the strongly interacting many-body system. Contrary 
to our tentative guess, this model predicts that, for an 
infinite system, the single-particle momentum dis­
tribution remains step-function distribution up to the 
uncertainty of the 0(1/N) [0(p) hereafter means order 
of p], where N is the total number of particles in the 
system. 

The effect of the repulsive BCS-type pair interaction 
was once analyzed by Van Hove1 in connection with 
the question of the existence of a sharp Fermi surface. 
In this case, the interaction was 

ffint=Y E Ckt*CUi* £ CUCit , (1) 

where y is the ratio of the repulsive coupling constant X, 
to the volume of the quantization box 12. We show in 
Appendix A, rather easily, that this interaction pro­
duces a change only of the 0(1) in the total energy of 
the system, and the one-particle momentum distribu­
tion changes by a quantity only of the order 1/N.2 The 

* 0 n study leave from the Tata Institute of Fundamental 
Research, Bombay, India. 

1 Leon Van Hove, Physica 26, s 200 (1960). 
2 Same conclusion was reached by W. Kohn and J. M. Luttinger 

(private communications). 

case of 7 negative is also discussed in Appendix B. The 
main question we want to investigate here is how 
the above changes in the total energy of the system 
and the one-particle momentum distribution are af­
fected if we take 7 in (1) to be of the order unity, i.e., 
7=A>0. We also investigate the possibility of a phase 
transition as we change the number of particles N. It 
can easily be seen that the perturbation expansion 
calculation of the ground-state energy diverges badly. 
By using the sum rules, we shall show in the following 
that the above interaction with 7 positive and of the 
order unity produces no effect on the single-particle 
momentum distribution up to 0(1/N), i.e., the true 
momentum distribution differs from the unperturbed 
Fermi distribution only by a quantity of the order 
1/N over the entire region of N. And the true ground-
state energy assumes the value equal to (H0)fTee Fermi in 
N<T,k<km**l and tO (#o+#int)plane wave HF in N 
>2]Cfc<fem«l with the uncertainty of the 0(1). In the 
region 2£fe < J W 4 ^ i O £ * <fenaxl the ground-state en­
ergy takes the value equal to 

(#o)free Fermi+Y ( # - £ * < * _ ! ) + 0 ( 1 ) 

which adds the linear dependence of N as shown in 
Fig. 3. 

PROOF FROM THE SUM RULES 

To proceed the proof, we first write down our 
Hamiltonian 

H=H0+Hm, 
where 

^o=E^(C k t *C k t +C_ k i*C_u) , €*=£2/2m. (2) 

The sum rule we are going to use here is the following; 
if we represent the true ground-state Schrodinger 
function by |) , then 

0 

{\F*in,Fl\)>o (3) 
0 0 

for any operator F. More generally, if we write 

S=H-IMN, (4) 
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and 

0 Kkmvx 0 

for k<kmax. Hence, 

(I) 7*^0, for «4>/i. 
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(7) 

FIG. 1. The solid line is the sketch of Ju as a function of e* and 
the dashed line is yNk, the upper bound of /*. 

where // is the chemical potential, 

<|F*[#,F]|>^0 
0 0 

(5) 

In order to obtain further information about Nh, and 
Jh, we choose jF=Ckt*Ckt in (5). 

< | ckt*ckt [ ^A t *c k t ] I) 
0 0 

= 7<|Ckt*C.k**C-k*Ckt|> 

is the sum rule in case F does not conserve the number 
of particles. For completeness, the proof of (3) and (5) 
is sketched below. By writing the commutator product 
in terms of the complete set of the Schrodinger func­
tions of H, and using the fact that Eo is the ground-state 
energy, we get for (3) 

ZKWE,-E,)£0. 
0 0 0 

-y{\Ckt*C-u* E C_nCiti> 
0 Kkmax 0 

and from the definition (7) 

E /*=T(I E ckt*c_t** E cucitl) 
&<&max 0 &<&max J<&max 0 

= <|fli„t|>^0. 

(8) 

(9) 

Moreover, since N commutes with H, eigenfunctions 
of H are also eigenfunctions of N and therefore (5) From (9) and (I), we can conclude that 
becomes 

(II) Jh ̂  0 in some part of the region defined by eh </*. 
It follows from (8) that the upper bound of Jh is yNk 
and along with (II) we get 

(III) yNh^Jk^ 0 in some part of the region ek<n. 

E I (F)\*(Ee»'-»N'+nN-E0
N) 

0N' & 0 

= E | ( i ? ) IW r - iV0^o . 
/3JV' 0 0 

From (I) and (III), the behavior of /* as a function of 
Since n=dEQ

N/dN and the excitation energy £„*' - £0*' €* is sketched in Fig. 1, assuming that Jh is a continuous 
can be approximated by E^N—E0

N.2a' function of 6*. Performing summation over k in (8) and 
In the following we apply (3) and (5) in the sequence using (9), we obtain the following inequality. 

to our system (1), and draw conclusions from these 
inequalities. Taking F=C-uCkt, we get from (5) 

<|Ck|*C-k**[5,C-k*Ckt]|> 
0 0 

= - 2 0 , - M X I Ckt *CLk**C_k*Ckt |) 

-T<|Ck,*C_u* E CLwCit|> 
0 Z<fcmax 0 

2 
(IV) —>y E #*> E ./* 

&<&max &<&max 

/ * 

=(|fl rint|)=E / * + E Jk^o. 
0 0 Jft>0 J A < 0 

= -2(6k-n)Nk-JhZ0, 

where 

(6) 

#* = <|CktV-k**C-k*Ckt|> 
o o 

Since the value of Jh is bounded in the region Jh>0 
(III) and the sum of Jk over the entire region is also 
bounded (IV), Jh can take values only of the 0(1) in 
the continuous region where Jh<0 except in the few 
isolated small regions of the 0(1/N), where it can be­
come of the 0(N). Therefore we conclude that 

(V) / * - 0 ( l ) 
2a Note added in proof. Because of the nature of the interaction, 

energy difference 2(E0
N+1-E0

N) is different from E0
N+*-EQ

N in 
general. In the following, we take F as CC or C*C*, hence our 
definition of p should be more correctly 2fi=EoN^—EQN=EQN 

—E0
N~2. The authors would like to thank Professor John M. 

Blatt for pointing out this difference. 

in the region where Jh is negative, except at few isolated 
points where it can be of the 0(N). Actually, if we use 
Schwarz inequality, we get the following bound on an 
absolute value of Jk. 
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|/*|2=<|7Ckt*C_,a* E C-uC»\X\y E Cit*C_u*C_k*Ckt|> 
0 l<kma,x 00 l<kmax 0 

^72<|Ckt*C_k**C_k|Ckt|><| E Cit*C_u* E C_ptCpt|) 
0 00 Kkroax 2><&max n 

= yNk(\Hint\); 
0 0 

therefore 
| / * | ^ W ' 2 < | F | n t | > 1 ' 2 . 

0 0 

In the case of 7=0(1), (Hint)
ll2^0(N112) from (IV); hence in the region Jk<0 absolute value of Jh has a bound 

o o 
of the 0{Nli2). For y = \/Q, \Jk\ ^Nk

li2Z(\/tt)0(N)Ji2=0(l), the bound of \Jk\ is of the 0(1). 
Again from (5) with F=j^k<km&x C_k|Ckt, we get 

<| E Cit*G.H*[J?, E C_k|Ckt]|> 
0 Kfcmax &<&max 0 

= - ( l E C,t*C_u* E 2(«*-M)C_k*Ckt|.>-7( E l -AVf2)< | E Cit*C_u* E C_k*Ckt|> 
0 Kkm&x k<kjn&x 0 &<&max 0 Z<&max &<&max 0 

= - 2 E («*-/»)/*-( E l-iVin+2)(|Jffint|)^0, (10) 
fc<A;max &<&max 0 0 

where NiU is the number of particles inside k<km&*. Since 

[ # , E (Ckt*Ckt+C-k i*C-k*)] = 0, 
&<fcmax 

the number of particles inside k<kma,^ is a constant of the motion. From (V) it follows that the first term on the 
right-hand side of (10) is at most of the 0(N) and positive. Hence, we deduce from (10) that if 

E l-Nin+2=O(N)>0, 
( V I ) &<*max 

<|#int|HO(i) 
0 0 

meaning that it cannot become of the 0(N). The above condition, for the ground state, can always be satisfied for 
the Fermi momentum kf^kmax/2

2lz, since for the ground state Nin=N as we shall see later. The weaker depend­
ence of this condition on &max makes this case more important if this model has any physical significance. Finally 
with F=EA<fe««C,kt*C-k**, (5) becomes 

<| E CL^CptD?, E ckt*C-k**]|> 
0 P<&max &<&max 0 

= {| E C_piCpt E . 2(e*-M)Ckt*C_k**|>+( E 1-Win)7<| E C_p*CPt E Ckt*C_ki*|) 
0 p<kmax &<&max 0 k<kmax 0 p<kmax &<&max 0 

= E 2(€4-/.)<|l-Ckt*Ckt-C_ki*C_k*|>+ E 2(tk-n)Jk 
&<&max 0 0 Kfcmax 

+ ( E l-tfta)0y( E l-iVin)+(|Fi„|)]^0. 
k<km&x ft<fcmax 0 0 

In the above inequality the first two terms are at most 
of the order N, and hence, if 

E l-Nin=O(N)<0, 
k<kmo.x 

y( E l-A r in)=(|ffi„t |)=O(l)>0, 
k<kmax 0 0 

because 

T ( E l - ^ i n ) + < | # i n t | > 
&<fcmax 0 0 

= <IT E c_ptcPt E ckt*C-w*|»o, 
0 &<&max k<kma,x 0 

from which we get 

( |H i a t | )=7( iVi„- E 1)+0(1). (11) 
0 0 k<km&x 

However, for the ground state, this above condition is 
fulfilled for kf>km9^/22jz, which follows from the same 
reasoning we used earlier in the first possibility. (We 
shall explain this possibility later in detail.) The stronger 
dependence on the artificial cutoff momentum km&x 

makes this case less important, even if this model has 
any physical significance. 
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- • ' • 4 — -J 

1 j 1 kmox̂  1 . I J j ~ kf kmaJ _ ^ E = - Z = 
i r \ \ kf i * * J i = ± = 3 = J 

I * J l i t EJ Nin=2Zl Nin< 2D1 
N = Nin N>Nin k<kmax k<k m o x ' 

(a) (b) 

FIG. 2. (a) N = Nin shows the possible ground-state configuration for cases (a) and (c). 
(b) iVm = 22fc<femaxl shows the possible ground state of case (d). 

To summarize, we have reached the following con­
clusions: (1) if 

£ l-Nin+2=O(N)>0; <|tf i n t |>=0(l); 
k<km&x 0 0 

and (2) if 

£ l-Nin=O(N)<0; 
k<kmax 

(\Hint\)=y(Nin- £ 1)+0(1), 
0 0 k<kma,x 

where Â n. (^N) is the eigenvalue of the equation, 

E (Ckt*Ckt+C_ki*C_k4)|) = ^ i n | ) . 
A;<&max 0 0 

For the ground state, the first condition can always be 
satisfied for &/• ̂  &max/22/3, while the second possibility 
can occur for kf>km&x/2

2lB. Obviously, for sufficiently 
large cutoff momentum &max, the first possibility is more 
realistic than the second one. 

Let us discuss various possible cases of the ground-
state energy of the Hamiltonian (1), which by defini­
tion is the minimum energy. First we notice from the 
variational principle that 

{Ho+Hint) plane-wave free Fermi 

= (#o)free ] fennl+fr f l in^ E 0 ( Y ) = ( | H01 ) + ( | Hint | ) 
0 0 0 0 

^ (I Ho | ) ^ (#o)free Fermi. 
0 0 

From the above inequality we have 

(#o)free F e r m i + i T ^ i n ^ E0(y) ^ (#o)free Fermi > 

from which we conclude that 

limEo(Y) = (Ho)free Fermi. 
7-*0 

Case (a):Y,k<km^>N^Nin [see Fig. 2(a)]. 

As we have pointed out earlier, this is the most realistic 
case, since we can always satisfy the restriction on N 
for any &max at sufficiently low density, such that 
E*<Awl-^in=O(A0>0. In this case; ffl-Ni* 
= O(N)>0, there are N—N\n free particles outside 
k<kmax and hence lim7_»o£o(7) cannot approach 
(#o)free Fermi- This indicates that such a state can not 

represent the ground state at sufficiently small y (yet 
of order one). We are left with the possibility of N=Nin 

for the ground state. However, since dE0 ( 7 ) / ^ = (I/7) 
<|ffint|}=0(l) and lim7^o£0(7)= (JSTo)freeFermi, we can 
0 0 

conclude that 

£ o ( 7 ) = (#o)free Fermi+ of t h e 0 ( 1 ) , 

and consequently 

<|Ckt*Ckt|> = <|C-k**C_k*|> 
0 0 0 0 

= (Wk)free Fermi+of t he 0(1/N) . 

This proves the required result that for 7=0(1) , # i n t 

produces no effect on the system in this case. 
The following three cases are less important as far 

as the study of single-particle momentum distribution 
is concerned. Firstly, because of the artificial construc­
tion of the regions of N, and secondly, because of the 
dependence on the artificial cutoff momentum &max. 
However, such a division of the region of N allows us 
to remark about the possible phase change, which in 
our approach, exists owing to the artificial introduction 
of the cutoff momentum &max. 

Case(b):N>Ek<k^>Nin. 

Such a state cannot represent the ground state for 
sufficiently small 7 (of order one) by the same reasoning 
as in case (a), N>N in* 

Case (c):2j:k<km&xl^N^Nin>Zk<kmaX 

Again for the ground state we should have N=Nin and 
in this case we have N—Y,k <Awl ̂  iN. Therefore from 
(11) the ground-state energy must satisfy 

dE0(y)/dy=(N- E l)+of the 0(1) 

and 
\imE0(y) = (-Ho)free Fermi. 
T-H) 

Hence 

E0(y)=(H0)freeFermi+y(Nin- E 1 ) + 0 ( 1 ) 

-2E«*^k+< |H t a t | > , 
0 0 

where iVk is the true single-particle momentum dis­
tribution. The comparison of the last two expressions 
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(Ho+Hmt) plane wave H.F. 

(a) I) (c) 221 (d) 
K^max K̂ Kmax 

FIG. 3. The solid line indicates the behavior of the ground-
state energy as a function of the number of particles N. In the 
shaded portion, for finite 7, our results do not hold since the con­
dition y<\kmxx/'2'/m—kfi/am\ is violated. For convenience the 
Nm behavior is sketched by the horizontal lines and the inclined 
line starting from the horizontal line denotes the superposition of 
a linear N dependence on that Nbl2 curve. 

of JEO(Y) forces us to conclude that the true single-
particle momentum distribution 

N* = <>k)free Fermi+0(1/N) , 

since (\Hint\) = y(Nm-Ilk<km**l)+0(l) in this case. 
0 0 

The above expression of £0(7) will be the minimum for 
the variation of Nm if 7 < (km^/2m—k//2m), because, 
if we reduce Nm by 1, the potential energy decreases 
by 7 and the kinetic energy increases approximately by 
[ ( W y 2 « ) - ( V / 2 » ) ] . 

Case (d): N>2J2k<km&xi^Nm>Jlk<km&^ [see Fig. 
2(b)]. 

The ground state is obtained for Nm=:2j^k<km&x^ a n d 
we can derive easily from (11) that 

E0(7)=(fi ro)freeFermi+7 E 1 + 0 ( 1 ) 

= (j?0+#mt)plane-wave H F + O ( l ) . 

With the similar arguments as in case (c), £0(7) w ^ 
be minimum if 7 < {k?/2m) — (k^/lm). In this case 
also the momentum distribution is the same as the free 
Fermi distribution up to order 1/N, as can be seen 
from the same reasoning as in case (c). 

CONCLUSION 

From the discussion of the various possible cases 
above, we conclude in the following about the behavior 

of the ground-state energy and the one-particle mo­
mentum distribution, as a function of the total number 
of particles. As far as 7 is of order one and small, in the 
entire region of N, the one-particle momentum dis­
tribution is the same as the free Fermi distribution up 
to the difference of theO(l/i\0, except in the region of 
density where 7— | (kf

2/2m)— (kmsx
2/2m) |. The ground-

state energy remains unperturbed, equal to (Z7o)free Fermi 
in region (a) and equal to (Ho+Hmt) plane-wave HF 
in region (d), up to 0(1), as shown in the Fig. 3. In the 
region (c), it joins the values in (a) and (b) with an 
additional linear dependence of N. The behavior of the 
ground-state energy E0 as a function of the number of 
particles N, compels us to conclude that the system 
described by (1) undergoes a phase change as shown in 
Fig. 3, without the change in the single-particle mo­
mentum distribution. All our results are valid for 
7 < I (&max2/2m)— (kf2/2m)\ and therefore for finite 7, 
in the neighborhood of kf=kmaK} the expression for the 
ground-state energy is to be obtained by minimizing 
it with respect to Nm. 

APPENDIX A: Y = = ^ I Q > 0 

Using (IV) we can conclude that ( | i7in t |)=0(l). 
0 0 

Moreover, we have shown that 

lim\.*oZ2o(X) = (Ho)free Fermi -

From this result and along with dEo (X)/dX = {| .OW | )/X 
0 0 

= 0 ( 1 ) , We Obtain E 0 = (#o)free Fermi+0(1) . 
This compels us to conclude that, in the case which 

Van Hove1 treated, Hint changes the ground-state 
energy only by a quantity of the 0(1) and consequently 
the momentum distribution changes by a small number 
of 0(1/N). 

APPENDIX B : 7 = ^ 1 Q < 0 

From Eq. (8), yNk^Jk, and when 7=X|0<0, 
Jjc is always negative. Moreover in this case (| Hint \) 

0 0 
= ]C&<JwJr&<0. Therefore, Jfc can be arbitrarily large 
and negative, since there does not exist any lower 
bound on Jk. This clearly indicates the possibility of 
(|^int|)=Lfe<femax^=O(iV)<0, which happens actu-
0 0 

ally in the BCS theory. 


